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1. INTRODUCTION
Cracks are one of the main factors influencing the structural
integrity of ships, offshore platforms, pressure vessels and

other structures. Surface cracks occur frequently at weld toes V.

These cracks take various shapes, for example, cracks in fillet
welded joints show long-shallow shapes. For linear elastic
fracture mechanics problems, the principle of superposition is
effective for cracks in residual stress fields and crack cohesive
force models. However in case of simple crack problems, they
are usually analyzed by applying remote loads. For example,
when analyzing a crack in a residual stress field, the influence
of the stress field can be taken into account through applying a
traction force on crack faces, where the value of traction force
is the negative of the stress field ).

It is important to examine the accuracy of numerical
domain/interaction integration methods for crack face traction
force cases. In this study, the principle of superposition is
applied for 3D surface cracks in flat plate and T-butt welded
models. This study shows the significance of the crack face
traction term for obtaining accurate calculated stress intensity
factors (SIFs).

2. THEORETICAL BACKGROUND

2.1 Principle of Superposition

The principle of superposition can be used to evaluate SIFs
of a crack in a complex stress field, which may be resulted due
to service loading and residual stress, by dividing the complex
loading configuration into simple cases V.

The principle of superposition cannot be used for adding
SIFs (K values) of different loading mode conditions, i.e.
modes I, II, and III ?. In addition, it cannot be applied for
models with different displacement boundary conditions.
The principle can be only used for the same loading modes
and the same displacement boundary conditions.

Figure 1 shows the principle of superposition of a
semi-elliptical surface cracked body subjected to a uniform
remote stress configuration. Based on the principle of

superposition, the SIF (K;a)) of the cracked body subjected to
remote stress condition ¢ (Fig. 1(a)) is equal to that (K;c) ) of

the cracked body subjected to crack face loading ¢ (Fig. 1(c)).

* Graduate School of Engineering, Osaka University

** Graduate School of Engineering, Hiroshima University
Recieved 25th September 2015

Read at the autumn meeting 16th and 17th NOV. 2015

©The Japan Society of Naval Architects and Ocean Engineers

The SIF (K;b)) for the body loaded with the remote stress
condition (o) and the crack faces closing stress (— o) in Fig.
1(b) equals zero, i.e. K}b) =0, because the crack faces are

closed and the body behaves as if there is no crack under such
conditions ¥.
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Fig.1 Determination of SIF (K)) for a semi-elliptical surface
cracked body subject to a uniform remote stress using the
principle of superposition.

2.2 The Domain Integral for 3D Cracks

The domain integral method was developed by Shih et al. 4
and it is considered as a powerful numerical method to
calculate the J-integral for 3D cracks. The general formula of
the J-integral requires that the contour surrounding the crack
front be very small 3. The J-integral at location s (see Fig. 2)
along a 3D crack front has the general formula ¥

Js) = lim jF(Wén — ot mdl )

where W is strain energy density, J; denotes the Kronecker
delta, oy is stress components, and u; represents displacement
components. The contour I', with normal vector components #;,
exists in X=Xz plane in the local coordinate system, and it
starts from the lower crack face and ends at the upper crack
face as shown in Fig. 2.

Shih et al. ¥ formulated Eq. (1) into two main parts: 1)
volume integral, and 2) surface integral to be suitable for
numerical analysis in case of 3D cracks. They formulated the
energy released per unit advance of crack front segment Lc,
j(s) , as follows:

7(S) :I (oyujy —Woy)q AV +J (oyujy—Woy),qdV —
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where # are crack face traction components. Surfaces S*, S, Si,
Sy, S2 and S3 (see Fig. 2) form volume V, and surface S; shrinks
to the crack front (i.e. » — 0). The weight function ¢, varies
smoothly within volume V. Equation (2) requires that g = 0 at
S1, S2, and S3 and equals 1.0 at location s on S 4.

X

2

Crack front

Fig.2 Finite volume for use in Domain Integral formulation at
crack front location s which extends over length Lc .

The second and third integrals in Eq. (2) are vanished for
elastic, homogenous materials under quasi-static, isothermal
loading in case of body forces or crack face tractions are
absent 3. These two integrals (second and third integrals) are
omitted in commercial nonlinear finite element (FE) codes (e.g.
MSC Marc, Abaqus, ANSYS, etc.). Shih et al. ¥ derived the
approximate formula of the J-integral by assuming that the
energy release rate varies slowly over Lc:

J(s)

3)
Iq(s)ds
L(,'

J(s)=

The SIFs for the three modes can be calculated using the
J-integral, J(s), in Eq. (3) as follows ©

VJ(S)E Ky —\}J(S)E and K = JE

1+v)

where E* = E for plane stress condition and E* = E/(1 —?) for
plane strain condition.

2.3 The Interaction Integral for 3D Cracks

The interaction integral method gives actual displacement,
stress, and strain fields of an equilibrium state for a boundary
value problem. In addition, auxiliary fields that include desired
quantities such as SIFs or T-stresses can be provided by
another selected equilibrium state 9. By superimposing actual
.7(s) for the

5).

equilibrium fields with auxiliary fields,

—s
superimposed state, J , from Eq. (2) becomes
7 (s)= I (0 + 00 ) + U = WS 8,1,V +
[ 10+ o+ gy - w6, qav - ®)

LW () + 19y + ) qdS

The superscript ‘S’ represents the superimposed state. For a
linear-elastic material, the strain energy density for the

superimposed state, W5, is %

2(0 +o ey e ) =W AW + w! (6)
=S
With Eq. (6), J divides into three terms ¥:

75 (5)=T()+ 7™ (5)+1(s) )

Where j(s) equals Eq. (2), the domain integral for the actual

state; jaux(s) is the domain integral for the auxiliary state;

and 7(s) is the domain for the interaction integral, defined as
5).

I(s) = J. (oyui + 0 u;y — o pef  81)q,dV +
®)

aux aux
IV[O'U(u/h &1 )+0U1u/1]qu—IS+ S,tj”j,l qdS
+

The third term in Eq. (8),I tjuj'qdS , represents the
stes 7

crack face integral. This integral has a significant contribution
to the accuracy of calculated SIFs. All the quantities in the
crack face integral do not rely on the finite element solution of
the boundary value problem .

By calculating the value of ;(s) from Eq. (8), the

interaction integral calculation at location s (see Fig. 2) over a
3D crack front follows Eq. (3) :

1(s)

I(s)=
Lq(s)ds

©

After calculating 7(s) from Eq. (9), the SIFs for the three

modes can be calculated as follows 3:
K, :ETI(S)sKII :ETI(S),aﬂd Ky =ud(s) (10)

where 1= E/2(1+v) , E* conditions are defined previously in

Eq. (4). For more details about the interaction integral method,
refer to > 9.

3. NUMERICAL ANALYSES

3.1 Models Definition

In the present study, flat plate and T-butt welded joint with
surface cracks are employed as shown in Fig. 3. The T-butt
model, used in this study, is one-side welded model with
radiused weld toe as used by Bowness and Lee 7. Two cases
per each model are investigated to examine the accuracy of the
numerical solutions such as domain integral and interaction
integral methods for crack face traction cases. The dimensions
of crack, crack aspect ratios, and crack depth ratios for each
case are shown in Table 1, where a is crack depth, ¢ is crack
half length, and # is model thickness.

The finite element models corresponding to Fig. 3 are
shown in Fig. 4. The arrows in Fig. 4 show the applied
boundary conditions. For the sake of simplicity, few arrows
are used to show the symmetry around the longitudinal axis.
The FE mesh on the crack face for the flat plate and T-butt
welded models are shown in Fig. 5. The flat plate models are
generated using FEAcrack software ®. The T-butt welded
models are generated in two steps: 1) create crack block using
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Zencrack software ), and 2) generate the global model that
consists of flat plate with attachment using Patran software.
The crack block is tied to the global model using glue contact.
For the T-butt welded model, a FORTRAN program is
developed to automatically create the radiused welded toe.

‘}2/'

All dimensions in mm.

Fig.3 Surface cracked bodies. (a) flat plate, and (b) T-butt
welded joint (where p is the radius of weld toe).

Tablel Crack dimensions (a and ¢), crack aspect ratios (a/c),
and crack depth ratios (a/) for flat plate and T-butt welded

models.
Model Case a c a/c a/t
Flat case 1 3.6 6.1 0.59 0.12

plate case 2 5.8 12.6 0.46 0.19
T-butt case 1 4.0 4.0 1.00 0.18
joint case 2 33 4.7 0.70 0.15

Finite element mesh of the cracked models are generated
using 20-noded isoparametric hexahedral brick elements.
Along the crack front, the 20-noded hexahedral elements are
collapsed to quarter-point wedge elements which used to
simulate the 1/\r singularity of the stress field close to the
crack front. The Young’s modulus and Poisson’s ratio used in
the analyses are 210 GPa and 0.3, respectively. Since the
models are symmetric around the longitudinal axis,
half-models are used in the analyses. The rigid body motion of
the models are prevented by applying the minimum
displacement constraints.

Fig.4 Finite element half-model with boundary conditions
for (a) flat plate, and (b) T-butt welded joint.

Fig.5 The FE mesh on the crack face. (a) flat plate, and (b)
T-butt welded joint.

In this study, linear elastic fracture mechanics approach is
performed. The cracked models (flat plate and T-butt joint) are
subject to uniaxial uniform remote tensile loading in the
longitudinal direction. In the current study, the superposition
method is implemented in three steps (see Fig. 1): 1)
calculation of K values by applying uniform remote tensile
loading for the cracked flat plate and cracked T-butt welded
models (i.e. direct solution), 2) residual stress filed at the crack
plane is calculated by applying the same remote tensile
loading for geometrically identical uncracked models, and 3)
K values are calculated using the stress field which applied for
geometrically identical cracked models. To examine the
effectiveness of the crack face traction term on the calculated
SIFs using crack face tractions, this study is divided into two
parts: 1) calculation of SIFs using face tractions without
considering the crack face traction term, and 2) calculation of
SIFs using face tractions with considering the crack face
traction term.

3.2 Calculation of SIFs Using Face Tractions
without Considering the Crack Face Traction Term

In this section, the SIFs are evaluated using the
superposition method without considering the crack face
traction term for surface cracks in flat plate and T-butt welded
models. The fracture mechanics parameters (SIFs) are
evaluated based on the domain integral method employing the
crack option of MSC Marc. As mentioned previously, MSC
Marc solver does not provide the crack face traction integral in
the domain integral solution. The validity of the calculated
SIFs (K7 values) by remote tensile loading for the cases of flat
plate model are examined by the solution of Newman-Raju '9.
For the T-butt welded model, the SIFs calculated by remote
tensile loading are validated with those computed by Tanaka et
al. 'D. The same displacement boundary conditions are used
for the three steps of the superposition method those
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mentioned in section 3.1 and shown Fig. 4.

(1) Flat Plate Model

As it is well known, for simple geometries such as flat plate,
the remote tensile loading that applied for uncracked flat plate
model arises uniform distributed residual stress field at the
crack plane. To reduce the man-hour needed to prepare the
crack nodal forces from the produced residual stress field, a
FORTRAN program is developed to handle the generated
stress field. The handled residual stress field is used as nodal
forces (i.e. crack nodal tractions) at the crack face nodes for
the cracked model with opposite sign in order to calculate the
stress intensity factor (K7) values owing to the induced stress
field. The crack nodal tractions try to open the crack as in the
case of remote tensile loading (see Fig. 1). The accuracy of the
numerical domain integral method for crack nodal traction
cases is examined by comparing the calculated SIFs (K
values) using the crack nodal tractions with those calculated
by the remote tensile loading. To validate the solutions, i.e.
calculated SIFs by direct solution and crack nodal tractions,
the total strain energy (U) and the crack mouth opening
displacement (CMOD) for the solutions are examined as
shown in Table 2. For the sake of simplicity, the results of U
and CMOD for case 1 are only shown in Table 2.

Figure 6 shows the distribution of the non-dimensional SIFs
(mode-I) calculated by remote load and crack nodal tractions
for case 1 and case 2. It is clear that there is difference
between the SIFs calculated by the two solutions (i.e. direct
solution and crack nodal tractions). The difference between the
two solutions is due to the absence of the crack face traction
term in the domain integral solution, the crack face traction
integral in the current solution is omitted from Eq. (2). The
difference percent between the SIF (K value) calculated by the
direct solution and that calculated by the crack nodal tractions
at the deepest point of the crack (at 2¢/m = 1) is 4.4% for case
1 and 4.6% for case 2.

Table2 Validation of the solutions using total strain energy (U)
and CMOD for flat plate model (case 1). The results based on
Fig. 1. [Note that: w1 and w2 are longitudinal displacements].

1.2
. Flat plate model (Case2)
N1
Eﬁ
2B |
=
N
%0'9
g 0.8 —O— Direct solution
z —O— Crack nodal tractions
07 +—————f——
0 0.2 0.4 0.6 0.8 1
(b) Location, 2¢/n

Fig.6 Distribution of the SIFs (mode-I) calculated by direct

solution and crack nodal tractions for the flat plate model in

case of crack face traction term is not considered. (a) case 1,
and (b) case 2.

(2) T-butt Welded Model

In case of the T-butt welded model, glue contact option is
employed using MSC Marc in order to tie the crack block with
the global model. The applied glue contact in the current
analyses does not have significant influence on the calculated
SIFs. For the T-butt welded model, due to the stress
concentration at the weld toe, a non-uniform residual stress
field is introduced at the crack plane when remote tensile
loading is applied for uncracked model. The SIFs using crack
nodal tractions are calculated by following the same
procedures those explained in the case of flat plate model. In
the same way, Table 3 shows the validity of the solutions
using the total strain energy and the CMOD for case 1 only.

Figure 7 shows the distribution of the non-dimensional SIFs
(mode-I) calculated by direct solution and crack nodal
tractions for case 1 and case 2. Again as in the case of flat
plate model, a difference between the direct solution and crack
nodal traction solution is observed for the two cases for the
same reason. The difference percent between the SIF (K
value) calculated by the crack nodal tractions and that
calculated by the direct solution at the deepest point of the
crack (at 2¢/n = 1) is 4.3% for case 1 and 4.8% for case 2.

Table3 Validation of the solutions using total strain energy (U)

Uw U U U+ Uy | Difference between and CMOD for T-butt welded model (case 1). The results
Ua & Ue + Ug based on Fig. 1. [Note that: u1 and u2 are longitudinal
1.79E+00 1.79E+00 3.33E-04 1.79E+00 0.000409619% T displ ’ ]
: 1splacements].
Case Wi W CMOD Difference between 4
CMODg) & CMOD(q U U U U+ U Difference between
Fig. 1(a) | 1.16E-03 | 1.22E-03 | 6.74E-05 0.002671344% @ ® © O7FO | U & Uy + Ugg
Fig. 1(c) | -3.41E-05 3.33E-05 6.74E-05 ' ° 1.28E+04 1.28E+04 1.03E+01 1.28E+04 0.004870917%
Difference between
Case u 1w EMOD | \MODw & CMOD(
1.2 Fig. 1(a) | 5.28E-02 | 6.43E-02 | 1.15E-02 0275695326%
5 Flat plate model (Casel Fig. 1(c) | 491E-03 | 6.55E-03 | L.15E-02 ' °
1.1
o
2 1 (3) Discussion
g As shown in Tables 2 and 3, the difference between the total
Té 0.9 strain energies (i.e. Uw and Up) + Ur) and the difference
S0.8 —O— Direct solution between the crack mouth opening displacements (i.e. CMODya)
Z —O— Crack nodal tractions and CMODy)) for the solutions are negligible. On the other
0.7 (') — '0:2' - '0:4' - .0:6. - .0:8. — | hand, it is known that the crack face traction term is needed
@ Location, 2¢/n when considering surface tractions in the domain integral

method ! 3. Although the crack face traction term is not
considered in the domain integral of MSC Marec, the results of
the numerical analyses for the flat plate and T-butt welded
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models show good accuracy for the domain integral. It is
found that the difference between the solutions (i.e. direct
solution and crack nodal tractions) for both the flat plate and
T-butt welded models at the deepest point of the crack is less
than 5% even if the surface traction force term in the domain
integral solution is neglected. This shows that the
superposition method can be applied for engineering problems
using commercial nonlinear FE codes under the conditions
chosen in the present study.

1.5
1.4 T-butt welded model (Casel)
X3
=B W
%)
= 1.1
191
N
209
g 0.8 —O— Direct solution
Z0.7 —O— Crack nodal tractions
06 +—————r———
0 0.2 0.4 0.6 0.8 1
Location, 2¢/nt
(a) ¢
1.5
=14 T-butt welded model (Case2
X3
=R
»n
2 1.1
N1
=
§0.9 A A
50.8 —O— Direct solution
Z0.7 —O— Crack nodal tractions
0.6
0 0.2 0.4 0.6 0.8 1
Location, 2¢/n
(b) > <O

Fig.7 Distribution of the SIFs (mode-I) calculated by direct
solution and crack nodal tractions for the T-butt welded model
in case of crack face traction term is not considered. (a) case 1,

and (b) case 2.

3.3 Calculation of SIFs Using Face Tractions with
Considering the Crack Face Traction Term

In this part, the SIFs are evaluated using the superposition
method considering the crack face traction term for surface
cracks in the flat plate models only. The interaction integral
method is used to evaluate the SIFs using the WARP3D code
9, WARP3D is an open source research code for nonlinear
finite element analysis (FEA) of large-scale, 3D solids and
structures subjected to static and dynamic loads. The crack
face traction term is implemented in the interaction integral
method for a uniform distributed residual stress field only.
Thus, in this section, the numerical analyses are performed
only for the flat plate model. The two cases of the flat plate
model those used in section 3.2 are also employed in this
section with the same displacement boundary conditions and
the same remote tensile loading configuration.

The validity of the SIFs (K; values) calculated by the
interaction integral using remote tensile loading is examined
by the solution of Newman-Raju '©. Since the produced
residual stress field at the crack plane for the uncracked model
is uniform, the applied remote loading is used directly with
inverse sign as a traction pressure on the crack faces. The
effectiveness of the crack face traction term in the interaction

integral method is examined by comparing the numerical
results (i.e. SIFs) computed by direct solution and those
computed by crack face tractions. Table 4 shows the validation
of the solutions using the CMOD for case 1 only. It is clear
that the difference between CMOD@E and CMOD() is
negligible.

Figure 8 shows the distribution of the non-dimensional SIFs
(mode-I) calculated by direct solution and crack face tractions
for case 1 and case 2. From Fig. 8, excellent agreement (except
at the crack end at 2¢/m = 0) between the two solutions is
obtained. For example, the difference percent at the deepest
point of the crack (at 2¢/m = 1) between the SIF (K value)
calculated by the crack face traction and that calculated by
direct solution is 0.39% for case 1 and 0.28% for case 2.

Table4 Validation of the solutions using the CMOD for flat
plate model (case 1). The results based on Fig. 1. [Note that:
w1 and w» are longitudinal displacements].

Difference between

Case wi w2 CMOD | 10D & CMODL)

Fig. 1(a) | 1.16E-03 | 1.22E-03 | 6.75E-05

0.017777778%

Fig. 1(c) | -3.41E-05 | 3.34E-05 | 6.75E-05

1.2

= Flat plate model (Casel)

X1

Eﬂ

©n ]

el

N

'730.9

g 0.8 —O— Direct solution

Z —O— Crack face tractions
07 ———— 44—

0 0.2 0.4 0.6 0.8 1
Location, 2¢/nt

(@) ¢

Flat plate model (Case2)

;S

T

Eﬂ

%2}

el

151

N

=

g —O— Direct solution

Z —O— Crack face tractions

0.7 +————
0 0.2 0.4 0.6 0.8 1

(b) Location, 2¢/n

Fig.8 Distribution of the SIFs (mode-I) calculated by direct
solution and crack face tractions for the flat plate model in
case of crack face traction term is considered. (a) case 1, and
(b) case 2.

To clearly show the effectiveness of the crack face traction
term on the accuracy of the SIFs computed by crack face
tractions, the computed SIFs with and without considering the
crack face traction term are compared together; as shown in
Fig. 9. The direct solutions using remote loading system those
obtained by the domain integral and the interaction integral
methods are used in Fig. 9 as references for the purpose of
comparison. It is observed that the crack face traction term
significantly improves the solution of the calculated SIFs using
surface tractions. The crack face traction term increases the
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accuracy of the calculated SIFs using crack face tractions by
5-6.5% for both case 1 and case 2.

For future work, in order to implement the crack face
traction term for a T-butt welded joint subjected to remote
tensile loading and for a flat plate and a T-butt welded joint
subjected to bending loading (i.e. non-uniform residual stress
field at crack plane), the current code of the interaction integral
method in the WARP3D should be modified.

Flat plate model (Casel)

—_
[

O Direct solution (domain integral)
4 Direct solution (interaction integral)

Normalized SIF, K,
o o
o] O

0.7 —— Without crack face traction term
—%— With crack face traction term
0.6 +———————
0 0.2 0.4 0.6 0.8 1
(a) Location, 2¢/n
1.2

Flat plate model (Case2)

—_
—_ =

Normalized SIF, K},
(=)
o

0.8 O Direct solution (domain integral)
A Direct solution (interaction integral)
0.7 —¢— Without crack face traction term
—*— With crack face traction term
0.6 +———————
0 0.2 0.4 0.6 0.8 1
(b) Location, 2¢/nt

Fig.9 Comparison of the normalized SIFs (mode-I) calculated
by direct solution and crack face tractions for the flat plate
model. (a) case 1, and (b) case 2.

4. CONCLUDING REMARKS

In the present study, the superposition method is employed
for 3D surface cracks in flat plate and T-butt welded models.
The accuracy of the numerical domain and interaction integral
methods for crack face traction cases is examined. This study
is divided into two parts: 1) calculation of SIFs using face
tractions without considering the crack face traction term, and
2) calculation of SIFs using face tractions with considering the
crack face traction term. Based on the numerical analyses
results, the following conclusions can be drawn:

1) Although the crack face traction term is neglected in
the domain integral solution, a difference less than 5%
at the deepest point of the crack between the solutions
is obtained for the flat plate and T-butt welded models.

2) Commercial nonlinear FE codes those neglect the
crack face traction term can be used for the engineering
fracture mechanics problems under the conditions
chosen in this study.

3) The effectiveness of the crack face traction term in the
interaction integral method is demonstrated for the flat
plate model. It is found that the difference between the
solutions is less than 0.5% at the deepest point of the
crack.

4)The crack face traction term clearly improves the
calculated SIFs using crack face tractions by 5-6.5%
for the flat plate model.
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